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Abstract

This study comprehensively explores three distinct supply chain models designed
explicitly for managing perishable products, including categories such as fruits, fashion
goods, and vegetables. Our research focuses on a three-tier supply structure, illustrating
manufacturing and consumer delivery dynamics. In this framework, the process begins
with the manufacturer, who produces these perishable items. Once the products are
ready, they are supplied to an intermediary known as the supplier. This supplier plays a
crucial role in the supply chain, acting as a bridge between the manufacturer and the
retailer, thus establishing a structured echelon supply chain model. Upon getting the
goods from the supplier, the retailer is responsible for marketing and selling these
products directly to customers. Within this context, the retailer must consider various
factors, particularly the seasonal demand patterns that influence customer purchasing
behavior and the unpredictable lead times associated with deliveries from the supplier.
These elements are critical, as they can significantly impact inventory levels and the
freshness of the perishable products.

Keyword: supply chain management, deterioration, price-dependent demand,
backordering.

I. INTRODUCTION

Supply chain management is a hot topic in business today. The idea is to manage
the entire flow of information, materials, and services from the raw materials stage to the
finished goods stage. Supplies are a necessity for any production unit. The essential part
of any supply chain model is inventory management; in this study, we have considered
an inventory model of deteriorating items for the three echelon supply chains.

No business works in isolation. Each acts as a customer (when buying materials
from suppliers) and a supplier (when delivering to customers). A wholesaler, for example,
acts as a customer when purchasing goods from manufacturers and then as a supplier
when selling goods to retail shops. Product moves through organizations and operations
as they travel between original suppliers and final customers. Before buying it, milk
moves through a farm, tanker collection, dairy, bottling plant, distributor, and
supermarket. A toothbrush starts its journey with a company extracting crude oil. Then
it passes through pipelines, refineries, chemical works, plastics companies,

* Professor. Associate dean (research & accreditations), area chairperson (operations). Institute of
Management Technology, Nagpur, 35 Km Milestone, Katol Road, Nagpur (MH)-441502, India.
Phone: +91-712-2805000. E-mail: sarbjitoberoi@gmail.com.

T Associate professor. Institute of Management Technology, 35 Km Milestone, Katol Road,
Nagpur (MH)-441502, India. E-mail: tripathy.bbt@gmail.com.

# GIST (Global Information Systems Technology), Gurgaon, Haryana. Prestige Meridian, Unit no
S-306, Block 2, Level 3, M G Road, Bangalore-560001. Phone: +91 124-4614000. E-mail:
ansingh@imtnag.ac.in.


mailto:sarbjitoberoi@gmail.com
mailto:tripathy.bbt@gmail.com
https://www.signalhire.com/companies/gist-global-information-systems-technology
mailto:ansingh@imtnag.ac.in

140 Oberoi et al./ Journal of Accounting, Business and Management vol. 31 no. 2 (2024)

manufacturers, importers, wholesalers, and retailers before finishing up in your
bathroom. The series of activities and organizations form the product’s supply chain. The
function that has overall responsibility for moving through the supply chain is logistics
or supply chain management

In most of the inventory models considered in the literature, demanded items are
directly delivered from the stock (if available). The demand occurring during the stock-
out period is either lost or satisfied only after ordering items atrive, which is the case of
backlogging. We have assumed that demand during the stock-out period is partially met.
In some inventory systems, the length of the waiting time for the next replenishment
becomes the main factor for fashionable goods. If the waiting time is longer, the
backlogging rate is lower. So the backlogging rate depends on the waiting time for the
next replenishment.

The study proposes a three echelon model for the supply chain and tires to come
out with the optimal solution which helps all the stakeholders in getting maximum
benefits.

1.1. Background Literature

Barbosa and Fiedman (1978) framed an inventory model with a deterministic
demand pattern and shortage. Petruzzi and Dada (1999) developed an inventory problem
to determine the order quantity and sale price. Ghare and Schrader (1963) developed an
EOQ model by assuming a constant rate of deterioration. Mandal and Phaujdar (1989)
developed a production inventory model for deterioration. Aggarwal and Jaggi (1995)
and Shinn and Hwang (2003) worked on Goyal’s (1985) model to formulate the
deterministic inventory model with a constant deterioration rate. After Aggarwal and
Jaggi (1995), Jamal et al. (1997) extended their model to allow for shortages and make it
more applicable in the real world. A model in the field of deteriorating items with time-
varying demand and shortages has recently been developed by Chang and Dye (1999).
The backlogging rate is inversely proportional to the waiting time for the next
replenishment. Chung and Lin (2001) extended the inventory replenishment model of
Chung to the situation where shortages are allowed in each replenishment cycle. The
model starts with inventory and ends with shortages. This study considers three echelon
supply chains. After production, the manufacturer supplies the deteriorating products to
the supplier, and then the retailer receives the product from the supplier for sale to the
customers. The retailer considers the customer’s seasonal pattern demand and suppliet’s
uncertain lead time. In this model, the product expiration date is also considered.

II. LITERATURE REVIEW

Hsu et al. (2000) established a deteriorating inventory model for season pattern
demand with an expiration date. The product expiration date indicates the latest time that
product may be used (not the end of the product life cycle time) and the customer ‘s
demand always decreases as the product is nearer to the expiration date. Wu et al. (2006)
considered a problem to determine the optimal replenishment policy for non-
instantaneous deteriorating products with stock-dependent time. Dye et al. (2007)
proposed a deterministic inventory model for deteriorating items with capacity
constraints and time proportional backlogging rate.

Shah and Shukla (2009) formulated a deterministic inventory model in which
product is subject to constant deterioration and shortages are allowed. Min et al. (2010)
had developed a lot-sizing model for deteriorating items with a current-stock-dependent
demand and delay in payments. Mahata (2012) had examined the optimum retailet’s
replenishment decisions for deteriorating items under two levels of trade credit policy to
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reflect supply chain management within the economic production quantity (EPQ)
framework. Liao et al. (2013) had developed recently a two-warehouse inventory model
for perishable products when the supplier offers the retailer a delay period and in turn,
the retailer provides a delay period to their customers. Dash et al. (2014), formulated an
inventory model for deteriorating items with exponential decreasing demand and time-
dependent holding cost. Singh (2017) obtained an optimal ordering policy for
deteriorating goods having constant demand. Saha and Sen (2019) developed an
inventory model for deteriorating items with time and price-dependent demand and
shortages under the effect of inflation San-José et al. (2021) formulated the pricing policy
for optimal cost considering the inventory model with time-and-price-dependent
demand and shortages.

This study considers three echelon supply chains. After production, the
manufacturer supplies the deteriorating products to the supplier, and then the retailer
receives the product from the supplier for sale to the customers. The retailer considers
the customer’s seasonal pattern demand and supplier’s uncertain lead time. In this model,
the product expiration date is also considered.

This study aims to derive the retailer’s optimal replenishment cycle, shortage
period, economic order quantity, and the managing cost of the supplier to maximize the
expected unit ime profit.

III. RESEARCH METHODOLOGY

In this study, we have investigated a supply chain inventory model for detetiorating
items in which demand depends on time and price. The shortages allowed and partially
backlogged, and it is assumed that backlogging rate varies inversely as the waiting time.
Demand is seasonal, along with the expiration rate. The decision variables in this article
are the length of the replenishment cycle, shortage period, order quantity, and the
managing cost. Using the mathematical modeling the differential equation based model
is established using the following assumptions

3.1. Assumptions

1) Selling price per unit p and backorder price is such that pb= Ap = 0<A<1

2) The warehouse has unlimited capacity.

3) Supplier’s delivery does not go beyond the second season.

4) There is no replacement of deteriorated items during a given cycle.

5) The product’s seasonal pattern demand is the function of price and season such that

Aw() .
. — =12, ...
dj(t,p)= ‘[ p? ’

0 >n
and w(j) is given by:
. N-j+1
w(i)= ——

Here o and § are known constant with o, 3>0.
6) Demand during the stock out period is partially lost and fraction of customers’
backordered is given by
0(n)=1-7n/T > 0<n<T
Where: M is the waiting time.
7) Shortage time is less than the length of the seasonal interval.
8) The replenishment cycle for the manufacturer and the retailer is set at NT.
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3.2. Notations used in the Model

Notation Information
T Length of the seasonal interval
N A discrete number NT denotes the expiration date of the product
v A critical time at which inventory level reaches zero in the last season
Qm Manufacturer’s production quantity
Qmi Manufacturer’s sales amount without backordering over the replenishment cycle
Qmz Manufacturer’s back-ordered quantity at the end of the replenishment cycle
Qr Retailer’s order quantity at each replenishment cycle
Qri Retailer’s sales amount without backordering over the replenishment cycle
Qr2 Retailer’s back ordered quantity at the end of the replenishment cycle
13 Managing cost
pr Retailer’s selling price per unit
pPm Manufacturer’s selling price per unit
Py Selling price per unit when shortage occur
G Fraction of customer’s back-ordered during the stock out period
h Inventory holding cost per unit time
Cm Production cost per unit
C Retailer’s wholesale purchase price per unit
Cimo Manufacturer’s ordering cost
Cro Retailer’s ordering cost
r Penalty cost per unit of a lost sale including loss of profit
y Suppliet’s lead time
f(y) Probability density function of suppliet’s lead time
In this paper deterioration rate= a+bt+ct?
Figure 1
Inventory Model for Manufacturer
A
i
g : Io(t E
: |3(t 1
| 1 1
Inventor h(t : : :
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3.3. Manufacturer’s Model

The differential equation of the system is given by
dr, (o) o, ow(1)
=P- 1
m P-(a+bt+ct?)+ Z
Where: 0<t<T
The solution of Equation 1 is given by

r2 ct® aw(1) at? bt® ctt
att——+—— _ _ DI T T oS
I(D).e —(P oF )<t+ > 5 +12)+c1 2

Now using initial condition I1(0)= 0

1(0) = (P “w(l)) 0+C
1 =\~ . 1
pP

Where: C1= 0

Put this value of C; in Equation 2

aw(1) at? bt® ct* _ap br? et
= - — e — 4+ — )4+ e 273 e 3
L = (P = )(t bt | re T

Now let Ix(t) be the inventory level for the manufacturer during 27 season:

0O, bt +ct?)l, (t)_—“w?) 4

The solution of Equation 2 will be

bt? ct® bt? ct3
at+——+— w(2 = 4
(e 23 :j( o ()j. " dt+c,
pﬁ
2 ow(2) bt?> ot
(e 2 3 =|-— = |[|l+at+——+ "+ dt+C,
p 2 3
Omitting the higher powers of a, b and c:

a Pt ot 2 3 4
|2(t).€‘t 2 3 = _(X.W(Z) t+£+bL+i +Cz ....................... 5
P’ 2 6 12

Now, using initial condition I; (T) = I(0)
2 3 4 _p br% cm®
Il(T)=[P—aWB(l)j(T+ﬂ+bT+CTJ.e 2 3
p

2 6 12
1,(0) = ( O‘W(Z)]o +C,
p’
Iz(O)= C;
2 3 4\ o br? cm®
C,= P—awﬁ(l) T+£+bi+i.e T
p 2 6 12

Put this value of C in Equation 5

2 3 4 —a _bt? ct®
JI | (t) ( aw(z)][t+a't+bt+(:tje ! 2 3
P’ 2 6 12

H[po @Oy o T T - L e N, 6
2 6 12




144 Oberoi et al./ Journal of Accounting, Business and Management vol. 31 no. 2 (2024)

If I5(t) be the inventory level during third season
dl, (t) ow(3)
dt P
Where: 0<t<T
Solution of Equation 7 will be

2 W) bt? ot
e 2 % =| == |[|l+at+——+"—+.. dt +C,
p 2 3

Onmitting the higher powers of a, b and ¢
a +E+£ 2 3 4
Is(t)e t 2 3 =[_ anES)J|:t i bt+ct:|+C3 ................................
p

—(a+bt +ct®)1,(t) -

2 6 12
Now using initial condition
I3(0)= Ix(T)
I3(O)= C3

2 3 4\ o _brt? cm®
1, (T) = _aw(2) T+aT +bT +cT o aT-—--73
pP 2 6 12

2 8 4\ _a2r-Dor2 Coy3
+ P—aw(l) T+i+bi+i e 2 s
oP 2 6 12

o, [_ow@ Y aT? BT o) e T
: pP 2 6 12

b
p_ aw(l) Ty ar? . bT® . cT* .e—a.ZT—EZTz—%.ZT"‘
p? 2 6 12

Put this value of C3 in Equation 8, we get

LA 2 py3
|3(t)-"3‘at 2 8 = ocW(3) t+at +bL+i
2 6 12

aT2 b7 T LI
.e
6 12

( aw(l)j( ar® bt cT“j —a2T-2212-S21
+—t— e

2 6 12

2 _at et
1,(t) = _aw§3) t+at +bt +ct N -
p 2 6 12

_{ OCW(Z)J(T . ar’ A bT* . cT* e—ﬁ(T+t)—%(Tz+tz)—%(T3+t3)
ﬁ .
p 2 6 12
2 3 4\ +_9 2,2)-C T34
N

If 14(T) be the inventory level during 4t season
dr,(t) _ ow(4)
dt P

After solving and omitting the higher powers of a, b and ¢

bt® o 2 3 4

LR 4

|4(t)_eat+2+3 = —ﬂé) t+£+bi+i +C4 ........................
p 2 6 12

—(@+bt +ct’)I,(t) -

10

1
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Now using initial condition I4(0)= I5(T)
I4(O)= C4

2 3
o __ow@ Y aT? bT® T s
N p? 2 6 12

b c
aW[SZ) ](T N ﬁ L bT? bT? cT4 jeZaT2A2T23A2T3
p

+_

2 6 12

b
oaw(@ |4, ar’ . bT? . cT* .e—saT—E.STZ—g.sﬁ
p? 2 6 12

Put this value of C4 in Equation 11

+|P-

aw(4 atZ bt3 a2
I,(0)=|- é ) t+— ]
p
aw(3) T+ aT2 bT3 cT4 —a(T0)-2(T24t)-S(To4¢%)
+| - oF
.\ _ocW(2) T+aT2 bT3 CTA o 2T+t)——(2T2+t) S@rr)
p? HETY
p- aw(l) Ty aT? N bT? N cT? e—a(3T+t)——(3TZ+t - (3T3+t3) ........ 12
p? 2 6 12

Similarly the inventory level during the jth season will be

i 2 3 4N gy bt? et
(1) = _ow(j) t+£+bi+i e BERE
p” 2 6 12

2 aw(l aT? BT cT*) aTo2mr-2) S
+ > |- () T+—+—+—|e 2 3
=i pP 2 6 12
&m=/—j
p_ow®@ 1, ar? +bi3 LT cT* ol T 20GTE- ST 13
p? 2 6 12
Now, the unit time profit for the manufacturer

Fm(n, v)=_1 [Sales Revenue-Production Cost-Deteriorated Cost
nT -Inventory Holding Cost-Managing Cost-Shortage Cost]

Fan(n, v)= 1 [R(1, V)-Con-Ca-H(11, ¥)-Em-S.Com] vorevvvresesesssnssrrsmerrereseee 14
nT
Where: R(n, v)— pQmi+ipQmy
n=1T
_j'd (t, p)dt+ZId (t,p)dt +J'd (£, P rrrerrrrrrrnssssssssssssssssssssns 15
Qm1=|\7;+:|°; (n 2)(2N n_,_l)_,_i(N YL | Jp— 16

Since the manufacturer willing to wait for backorders of new items during stock
out, the demand is assumed to be di(t, p)

Qu, = [dy(t,P)Q(T - )t

\%
O [T V2 | e ee e e sees s s s s s s s 17
Q.= el 5=
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The production quantity at each replenishment cycle is
Qu= L(0)+Qum2
Cn(n, v)= I1(0)+Qm2

Cm

Cin(11, V)= (T1(0)+Qm2)-Cim evvverrerenerrsnsesssssssesssssssssnssssssssssssssassssnsesess

The lost sale amount is
T
= [dy(t,p) [L- (T - )]t

The cost of lost sale amount

2

TG P LAY R ——————————
pPl2 2T

ANd Bm(1l, V) T 0V eeiiirtiiiiieninenenieseeststestsesessessessessessessesssssssessessesenes

-
Shortage cost =C [, (t)dt
A

2 2
=C OLW(1)[VT—T—VZ +V2J

S p[j 2
Shortage cost = ¢ & VT_LZ_LZ ..................................................
* pf 2 2
Now handling cost
n-1
Ho (V) = HT + D THT 4+ HY s
=2

Where: n>3
.
HI =h[1,(t).dt
0

Onmitting the higher powers of a, b & ¢

2 3 4 5
HI:h[P_anJ[T_ﬂ_m_cT } ...........................................

pB

:
HJ =h[1,().dt
0

i 2 3
= h} _aw(j) t+£+bi3+£ .efatfbl?f% .t
0 pP 2 6 12

b c
h Z [ aw(g) JI(T .\ ﬁ . bi3 .\ CT4j.ea(mT—t)+Z(mTz—t2)+3(mT3—t3)
i1 p’

2 6 12

0
&/J

18

19

20

21

22

23

. b, . C.,.
ow(l aT? bT® cT*) -al(-OT+IG-DT2+2]-G-)T3+%]
+hJ'(P_ ()j(T+ 4+ e 2 3

+—+
p* 2 6 12

Solving I term

2 3 4N, b2 oo
Iterm= hj( aW(J)j£t+m+bt+CtJ.e T g
p 2 6 12

T B 2 3 4 2 3
=hj —aWB(J) t+i+bi+i l—at—bi—i+
5 p 2 6 12 2 3
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After omitting the higher powers of a, b & ¢

:h[_awuq{tz_aﬁ_bt“_ctsy
pﬁ 2 23 34 45 o

H 2 3 4 5
Iterm=h(— aw(j)J[T_aT_bT_cT J
Solving II term :

2 2 3 4
Ilterm=h 3’ _awﬁ(l) T+£+bi+i *
R p 2 6 12

[[L+a(mT -1) +g(mT2 _t?) +%(mT3 )]t

2 4 5
llterm=h > (— awﬁ(f)j(Tz + m(aT3 + b;— +0Tﬂ
p

& 5
& m=/—j

Now solving III term

2 3 4
T(P_ocwﬁ(l)j(T+aT LN j_*
Il term=h]| p 2 6 12 ) 4

0

—a[(j—l)nt]—g[(j—lnz+t21—§[(1—1)T3+t3]
e

i terrn:h[P— “""B(l)J{TZ _(j_l)(aT3 ML ﬂ .....................
p 2 3

Put all these value in Equation 22

HT=h—M T_Z_aT3_bT4_cT5
J p 2 6 12 20

+h 22: [— avgéf)J(Tz + m[aT3 +b—T4+ T H

r=j-1 2 S
m=/—j

aw (1) P s bT* ¢T®
+h(P 0P J[T (jl)LaT + 5 + E ﬂ

Now, Hy =h[I, (t).dt
0

Here I.(t) be the inventory level during nth season:

dl, (t) 2 w(n) | where 0<t<
s =—(a+btrct )N, () - L0, where Ustsv
with boundary condition: In(v)= 0
dl (t
o), @bt +ct2)l (1) = - 2N
dt pP

Solution will be

at+£+£ ow ( n ) at+ﬁ+£
I,(t)e 2 3 :j[— J.e 2 3 dt+C,

2 3
= (— awén)j[l+ at+bi+i+ ...... j.dt+Cn
P 2 3

147
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bt? ctd 2 3 4
4+ ——
In(t).eél+ 23 :(— ocw(n)j{tJFaterthct }LCH

pP 2 6 12
v+ﬁ-¢-E 2 3 4
| (v)e 2 e o oW vt v v e
p‘3 2 6 12
2 3 4
Cn = _(},W[En) V+i+bi+i
p 2 6 12
_[_ow(n) -a‘-bg-“;[ vl o b s Co, 4i| . 26
In(t)—( o ].e (t v)+2(t v)+6(t v)+12(t v)

Hy =h[1,().dt
0

HY =h(_ GW(n)J[_VZ_EM_W_CVT .............................................. 27

Now let Is(t) be the suppliet’s inventory level at t before the beginning of a cycle

dlc;t(t)=_(a+ bt+ct2)|s(t) ................................................................... 28
with boundary condition I;(0)= I;(0)
dL (1)

P (a+bt+ct®) (D=0

Insert Figure 2 here.
Solution with boundary conditions
I:(0) = I1(0)
1,(0) = C = I1(0)
_ap_bt? _ct?
I,(t)=1,(0)e 2 3 29
Where: y<t<0
Figure 2
Inventory Model for Distributor

Inventory

I5(t)

L
]
=
=

T I e T T T

o I* season T II"d season 2T
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Now let Ii(t) be the retailer’s inventory level at t during It season:

149

%(t)— -(a+bt+ct?)14 (1)- “W(l) ................................................................. 30
Where: 0<t<T
with initial condition I1(0)= S
dI 1
;( ) +(atbtt+c) L (6’ ( )
Figure 3
Inventory Model for Retailer
Inventory
g :
: | \ :
L ! I - I t
T 27 (1T o nT
Solution will be
bt? of? bt? cof?
Il(t).eat 2 38 = J'—mlz)vél).eat 2 3 dt+C,
w(l at> bt ct
__a [S) t+ ot~ —— |+ C rrrrrrrrerennenn 31
p 2 23 34
Now using initial condition 11(0)= S
ow(l
1,(0) = ( ) 0+C,
Ci=S
Put this value of C; in Equation 29
2 3 4 _ar Pttt
Il(t)z S_G.Wé].) t+£+bi+£ e ¢ 2 32
p 2 6 12
Now if I»(t) be the inventory level during 1174 season:
dl, (t w
d( ) _(a+bt+ct)l, (1) -2 ( ) | where 0<t<T

with initial condition I5(0) = I1(T)
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The solution of this equation will be

ats 2245 2 3 4
1L(te 2 =_°LW§2) PO L SN S SR —
D 2 6 12
I>(0) = Cz
2 3 4 _a b, c,
CZ= S—awél) T+7aT +bT +i e T ZT 3T ...........................
D 2 6 12

Put this value of Cz in Equation 31
aw(l aT? bT®  cT* )| —ameowlmese)-Sreee)
Iz(t)=[S— ()[T+ FELR | R

pP 2 6 12
b, c3
_ow@)fatt bt cth) G s
p? 276 T12
Now if I5(t) be the inventory level during 3t season :
I
d (t) ~@+bt +ct?)l, (1) - 2
Solutlon will be
ate 2124543 2 3 4
|3(t)et2t 3t :—aW[ES) t+i+bi+i +C3 .................................
P 2 6 12
using initial condition
I3(0) = I>(T)
I3(0) = Cs
b

C,=|s- aWB(l) T, aT7 BT cT! )| caarert o

P 2 "6 12

b [
_aw@) (4 ar? L br bT? cT4 Pl
pP 2 "6 12

Put this value of Cs in Equation 34
1L(0) = |:S B awﬁ(l) [T N LTZ N big’ N C-|—4Ji|e—a(2T+t)—2(2T2+t2 -2 @T )
p

2 6 12
b, c3
_ow@)f, At bt ot g
p? 2 "6 12
_ OtWéZ) [T LTZ bT? + cTt ]e-a”“)-;’”z+t2>-§(T3+‘3> ...........................
P 2 6 12
If 14(t) be the inventory level during 4% season
dl, (t w(4
dt() ~(@-+bt+ct?)l,(t) - (4)

Solution will be
b, C.3 2 3 4
L()e 2 s = o) 8t bt et C,
p? 2 6 12

using initial condition
1(0) = Is(T)
I4(0) = C4

2 8 4 —a3T-Ra72_C a2
MIARTRESERES B
p

2 6 12

33

34

35

36
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b, c.3
_ow(3) [T+ aT? bT® cT* J e

+ + X
pP 2 6 12
_ow(@)( aT? BT CT*) -2 3orr inscsnsssssssssssanss 39
4 2 6 12
Put this value of C4 in Equation 36
2 3 4 P Sy
(t)__aW(A') t+£ bi i e ot gt
2 6 12
B aw(3) T ;L[‘2 . Lﬂ . i e-a(T+t)-%(T2+t2)-%(T3+t3)
pP 2 6 12
b 2,42y _C 3,43
B aw(2) T+a—T2+b—T3+$ e—a(2T+t)—E(2T )2 2T+t
p® 2 6 12
2 3 4N | _a@Ten-2aT242)-S(3T344%)
+ S_OLW(l) T+£+bl+i o -3 -3 L30 ESR 40
p® 2 6 12
Similarly
ow t2 bt3 Lot 2206
(1) =- (J) P
12
2 aT?2 bT® cT* a(mT—t)+9(mT2—t2)+E(mT3—13)
Z T+—+—+— e 2 3
2 6 12
-

5

aW(l) aT2 bT®  cT*)| -alG-dT+-2G-0T2? - SG-0T8)

——+—+——1le
2 6 12

Now the replemshrnent cycle and shortage length are set at n'T and (T-v) units of
time respectively.

Now when y<0, it means supplier’s delivery is completed eatly, the retailer’s unit
time profit without late delivery is :

Fr(n,v) = 1 [Sales Revenue-Purchasing Cost-Lost Sale Cost-Processing Cost
nT -Inventory Holding Cost-Ordering Cost-Shortage Cost]

Fr(n, v) = iT [R(n, v)-Cr(n, v)-Lr(n, v)-Br(n, v)-Hr(n, v)-Cro-Scr]... 41
n
Where: N<N, 0<v<T
In this case the supplier suffers inventory holding cost until the target due to eatly
delivery, the supplier’s unit time profit with early delivery by y unit time Fs (n, v, €, y) is

Fs(n,V, {;v y) =n]-|-|:(|1(0) +Q2)(C_Cp)[|s(y) 1(0) hjl (t)dt Z{| """ 42

Where: n<N, 0<v<T, y<0 and Cp = purchasing cost per unit of supplier
Now for the retailer:

Rg(n, v)_ PQri1+ApQr2

............................................................................ 43
n-1T
jd (t, p)dt+zjd (t, p)dt+.|‘d (t,p)dt
=20
QR1=°‘T+ al (n- 2)(2N n+ 1)+—(N L) eeeeesmsssssssssssssnens 44
p?  Np?
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Since the retailer is willing to wait for backorders of new items during stock out,
the demand is assumed to be di(t, p):

. =}d1(d,p)e(T—t)dt

O [T V2] e eeee s es e s s s e s e e s s s s s s e s s s aeenn 45
e t(2Y)

The ordered quantity at each replenishment cycle is
Qr= I1(0)+Qr2
Qr(n, v)= I1(0)+Qr2

Cr

(036 W Tl | ST(1) 0 ) [ N 46
T
The lost sale amount= Idl (d, p)[L-O(T — t)]dt

ofT V2
=—|—+—-vVv
pPl2 2T

The cost of lost sale amount:

2
La(n,v) = [:+;/-|- V].I’ ...................................................................... 47

and processing cost:
BR(N, V)= NV eetiiiiieiiieiciiecieecie et ssaes s ane s as e snae e anne e 48
Handling cost

n-1
H.(n,v) = HlT +ijT +HY, where n>3

j=2
§
=h{1,(t).dt
0
H1T=h[5[T_aT2_bT3_CT4J_“[Tz_aTz_bT“_WH ........................ 49
2 6 12 pPl 2 6 12 20

.
Now,  H] =h[I(t).dt
0

Solving and Omitting the higher powers of a, b & ¢
haw(j) [Tz aT? bT* cTsj

HT =—

j PP (276 12 20

- Z haw(é)( amT3+me“+cmT5j

(=j-1 2 3

L

2 3 4
+hs T—i—bi—i—(j—l)(aﬂ+9T3+3T4j
2 6 12 2 3

_oé{'r? —(j _1)(31'3 +ET4 _,_CTSJH ..................................... 50

p 2 3

=Iln(t).dt

at first we will calculate I4(t)
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di, (1) _
dt

Where: 0<t<T
with boundary condition I,(v) =0
The solution of this equation will be

b+, (1 - 24,

aw(n) -aor-Se o b s s L
I (t)_i {(v t)+— (v t)+g(v -t )+E(v -t )}
Now,
v _ VOCW(n) _ _92_23 _ a2 2 9 3 13y, C a4 .4
Hn_h£ 5 (1 -t =2t j{(v O+ (v =)+ (v =)+ (v t)}dt

2 3 4 °
:haW(n) VZ—L+E V3_L +9 V4—V— +£ VS—L
PP 2 2 3) 6 4 ) 12 5

av® bv* . bv* cv

_hocw(n){\/2 av® bv“+cv5 av® bv’ CVS}
- 2

7_'_7 —_—— e ——— — ———
p? 3 8 15 6 24 60
by 2 Do) [ V2 av? VT OV s 51
TP |27 6 12 20
T
Shortage cost (S. C.)= C, J‘dl(t, p)dt
—c, B r_y)
S.C.=C, %(T— V) seeteeese s 52
p

Now when the supplier’s lead time y>0.
The retailer’s unit time profit with late delivery by y unit time Fra(n, v, y) is:
Frar(n, v, y)= _1 [Rdr(n, v, y)-Cdr(n, v, y)-Ldr(n, v, y)
nT
-Br(n, v)-Hdr(n, Vv, y)-COR] ..eveeirrrnireiiinnieeininnieeccnnnneen 53
Where: 0<v<T, y>0 and n<N

Here RdR (n,v,¥) = pQgyy +ApQg,

We have assumed that the retailer cannot promise the back-ordered quantity for
the customers due to the supplier’s delay. Therefore, the shortage without backordering
will occur during the time interval [0, y].

Qrug = j > [d;(t,p)dt+ f d, (t,p)dt - jd (t,p)dt

o
1T y
S oW (i) 4 j O‘W(n) dt— j“w(l) dt
=l o p 0
n-1 1 _
=Z% N-j+1. a(N r;+1)v_7 y
=P N Np p
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:%[(“—1)(N+1)—(1+2+ ..... n-1)]+ aw o

N p*
[(n (N +1)——(2+n 2)} o (N=n+by_o
p’ p N p
_of (n-1) o (N=N+DV_ @& i, 54

QRld_NpB (2N- n+2)+p 5N pT"y
The order quantity at each replenishment is:
Qra = LIi(y) + Qr2

Cd(n, v,

AT 1)+ Qe
Cd (1, v, Y) = [T1(Y) + QR2J-C vveerveeeereeesesseesessesssssssssssssssssssssssssssons 55
The lost sale amount is

y T

[d,(t,p)dt+ j d, (t,p)[1- O(T - t)]dt

0

_ (xWB(l) ocW(l) (1 1+ j dt

p T

_a, o t_i '

IR i

_ogpefT v

p? 7 pfl2 2T
The cost of lost sale amount is:
2
Ld(n, V’y)=g§-r+;;[;_v+\2/-r}r ................................................. 56
And B(1l, V)= DVeoiiiiiciciicciccieeseceiet et 57
n-1 M
Now, HA(n, v,y) = HT + 3 HT +HY —h[ 1, (1)t oo 58
j=2 0

Since there is a potential lose Fr(n, v, y) - Fra (n,v,y) on the retailer due to the
suppliet’s delay, the supplier has to compensate the retailer. Therefore, the retailet’s unit
time profit is : -

Fra(n, v, y)+[Fr(n, v)-Fra(n, v, y)]= FR(D, V) ccceerrrriiiiiiiinieccinecneen, 59
i.e. the retailer maintains his profit regardless of the supplier’s delivery behavior. The
suppliet’s unit time profit with late delivery by y unit time Fu(n, v, &, y) is:

Fsa(n, v, &, y)=_1 (Sales Revenue-Deteriorated Cost-

nT
Compensated Cost-Managing Cost) ......cccecuveeenreeeinnennnns 60

Where: n<N, 0<v<T and y>0
from equation 40 and 56 the supplier’s expected unit time profit Es(n, v, &) is:

E.(nv.8)=[F.(n V.8 Y) F(y)dy + [ Fu(n v, 8 y) F(y)dy 61

If the retailer decides the order quantity independently then the problem can be
formulated as:

Max: FR(IN, V) cooveirreiniiieeiniiiieeiniiieeeniineeessnnneesssssssessssssssssssssssessssssns 62
Where: S.t.= 1<n<N, and 0<v<T
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Now when supplier’s capital constraint is considered when the supplier’s lead time
y < 0, the supplier’s cost is:
G(n, v, &, y)= [Production Cost+Inventory Holding Cost+
Deteriorated Cost+managing cost] ....cceccueeeeviuireennnnnnen. 63
When the suppliet’s lead time y > 0, the suppliet’s cost is
Gd(n, v, &, y)= [Production Cost+Compensated Cost+

Deteriorated Cost+Managing Cost] .....cceecuvreeeiinreecnnnnnes 64
From these equations, the supplier’s expected cost is

0 0
Eg(hv§= _{n G(n, v, &,Y) f(y)dy +(I)Gd(n, V, EY) FYAY . 65

Where: n<N, 0<v<T and £>0

The suppliet’s optimization problem can be formulated as

1% 5 D Ce i T 1. 15 T 66

S.t.: EG(n*r,v*r(NR),E) < W

Thus supplier can calculate its optimal inventory level using the equation 66 to
maximize its factor.

IV. OBSERVATIONS AND RESULTS

The model can be solved using mathematical packages like mat lab. considering
the various scenario, the time period for inventory is always favoring the permissible
delay in payments. We can say that this study aims to derive the retailer’s optimal
replenishment cycle, shortage period, economic order quantity, and the managing cost of
the supplier to maximize the expected unit time profit. In this study, we have investigated
a supply chain inventory model for deteriorating items in which demand depends upon
the time and price. The shortages allowed and partially backlogged, and it is assumed that
backlogging rate varies inversely as the waiting time. Demand is seasonal, along with the
expiration rate. The decision variables in this article are the length of the replenishment
cycle, shortage period, order quantity, and the managing cost.

V. CONCLUSION

One of the significant logistics tasks is inventory management, although it has
various other tasks related to inventory. But has overall responsibility for the movement
and storage- of materials; it is undoubtedly impossible to separate inventory management
from other decisions about the supply chain.

In this study, we develop a perishable inventory model with time-dependent
demand, including the condition of shortage. The product will deteriorate with time,
decreasing utility or price from the original. ~ Moreover, customers’ demand declines
when the product is near its expiration date. The rate of deterioration of an item is either
constant, time-dependent, or stock-dependent. For example, some things made of glass,
china clay, or ceramic break during their storage period, for which the deterioration rate
depends upon the total inventory size. In addition, decaying items such as photographic
films, electronic goods, fruits, and vegetables slowly lose efficacy with time. In the
existing models, it is usually assumed that the deteriorated units are a complete loss to
the inventory management.

A vital aspect of our model is incorporating the product's expiration date, which
adds another layer of complexity to inventory management. By recognizing the finite
shelf life of perishable goods, participants in the supply chain can make more informed
decisions regarding stock levels, maximizing profitability across the entire supply chain.
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To optimize profits, it is imperative that all stakeholders—manufacturers,
suppliers, and retailers—collaborate closely. The study emphasizes that effective
communication and timely information sharing among supply chain partners ate
fundamental to achieving the desired outcomes. This collaborative approach fosters a
more agile supply chain capable of responding to demand and supply conditions changes.

Furthermore, the model's convexity has been rigorously verified, supported by
numerical examples illustrating its practical applicability in real-world scenarios. These
illustrations demonstrate how the proposed models can lead to enhanced efficiency and
profitability, thus validating their potential to transform the management of perishable
product supply chains.

This study can be converted for linear deterioration rate by taking ¢= 0 and
constant deterioration rate by taking b and c equal to zero. Even a mathematical
programming model is proposed for retailers to maximize their profit.
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